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Abstract –Financial markets have been extensively studied as highly complex evolving systems.
In this paper, we quantify financial price fluctuations through a coupled dynamical system com-
posed of phase oscillators. We find a Financial Coherence and Incoherence (FCI) coexistence
collective behavior emerges as the system evolves into the stable state, in which the stocks split
into two groups: one is represented by coherent, phase-locked oscillators, the other is composed of
incoherent, drifting oscillators. It is demonstrated that the size of the coherent stock groups fluctu-
ates during the economic periods according to real-world financial instabilities or shocks. Further,
we introduce the coherent characteristic matrix to characterize the involvement dynamics of stocks
in the coherent groups. Clustering results on the matrix provides a novel manifestation of the
correlations among stocks in the economic periods. Our analysis for components of the groups is
consistent with the Global Industry Classification Standard (GICS) classification and can also fig-
ure out features for newly developed industries. These results can provide potentially implications
on characterizing inner dynamical structure of financial markets and making optimal investment
tragedies.
Introduction. – Financial markets, as typical highly
complex evolving systems, have been attracting consid-
erable scientific attention in recent complexity investiga-
tions [1–3]. One of the most studied financial market is
the stock market, in which the dynamics of stock prices
are believed to be characterized by collective and emergent
behaviors [4]. Interactions among the components of the
stock market, which can be various stocks, manifest the
internal structure of the system [5]. Statistical properties
of the interactions have been widely studied by physicist
and economists in order to understand the economy as a
physical dynamical system and gain practical experience
in asset allocation, portfolio-risk estimation and so on [6].
Much of the research in quantifying and interpreting the
collective behavior in stock markets in the last decade has
examined the correlations between price fluctuations of
different stocks [7,8]. The correlation matrix, as a power-
ful tool in characterizing interactions, has been suggested
(a)Email:jiangxin@buaa.edu.cn
to investigate many universal properties of different mar-
kets. For example, Kim and Jeong [9] proposed improved
methods to identify stock groups by analyzing the cor-
relation matrix. Further, financial dynamics can also be
analyzed through the cross-correlation matrix [10,11]. Re-
cently, many modern physical methods, such as random
matrix theory (RMT) [7], Brownian motion [12], com-
plex network approaches [13], have been successfully in-
troduced to study patterns of activity in the process of
dynamic evolution of financial systems. A recent study
by Peron and Rodrigues [14] shows that the emergence of
collective behavior in stock-market networks can be an-
alyzed by network synchronization, which has captured
tremendous attention in network science [15].
It is generally believed that stock prices behave cor-
related collective dynamics in specific economic environ-
ments [16], such as in financial crisis or debt crisis. Here
we intend to quantify the correlated financial price fluctu-
ations from the viewpoint of coupled dynamical systems.
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A coupled dynamical system is one composed of subsys-
tems (or agents) with coupling [17]. In the system, the
states of certain agents can affect the time-evolution of
others, which is quite analogous to the observed financial
dynamics.
In this paper, we introduce a dynamical model com-
posed of non-locally coupled phase oscillators. The cou-
pling strength among oscillators is identified by the corre-
lations among stocks. We show that the correlations in-
duced coupling causes the oscillators split into two groups:
one is composed of coherent, phase-locked oscillators, the
other is composed of incoherent, drifting oscillators. This
coherence and incoherence coexistence phenomena is also
called the chimera state [18, 19], which has greatly fasci-
nated many nonlinear dynamic researchers. The Financial
Coherence and Incoherence (FCI) coexistence collective
behavior provides a novel manifestation of the correlations
between different stocks in the economic periods. Dur-
ing these periods, the size of the coherent groups, which
corresponds to the number of a specific class of stocks,
fluctuates according to real-world financial instabilities or
shocks. For instance, the coherent group performs a rapid
expansion during the 2008 global crisis but shrinks a lot in
the 9/11 Attacks. Further, we also examine the involve-
ment of each oscillator in the coherent groups in a series
of time windows. Numerical results reveal that the stocks
naturally fall into three groups: low coherent, middle co-
herent and high coherent group. The majority of stocks
belonging to cyclical type sectors are in the high coher-
ent group while those belonging to the defensive type fall
into the low coherent group, which is consistent with the
economic explanation. For stocks from information tech-
nology (IT) and related sectors, they mainly compose the
middle coherent group, which indicates they may perform
some new industry features.
Coherence and incoherence dynamics in stock
market. – The dynamics of daily correlation plays a
pivotal role in many important applications in finance. In
order to quantify correlations, we first calculate the return
of stock i = 1, . . . , N , over a time scale ∆t
Gi(t) ≡ lnPi(t+∆t)− lnPi(t). (1)
Here Pi(t) denotes the price of stock i at time t. In this pa-
per, we mainly deal with daily return time series and thus
∆t = 1 day. Since different stocks have varying levels of
volatility (standard deviation), we introduce a normalized
return
gi(t) ≡
Gi(t)− 〈Gi〉
σi
, (2)
where σi ≡
√
〈G2i 〉 − 〈Gi〉
2 is the standard deviation of
Gi. Based on these, we can obtain the equal-time cross-
correlation matrix R with elements
Rij ≡ 〈gi(t)gj(t)〉. (3)
Notice here that the elements Rij are restricted to the do-
main [−1, 1], where Rij = 1 corresponds to perfect corre-
lations, Rij = −1 corresponds to perfect anti-correlations,
and Rij = 0 corresponds to uncorrelated pairs of stock
[20, 21]. To characterize the coupling strength between
two stock return series, we introduce the coupling func-
tion between two stocks i and j as
C(i, j) =
√
2 ∗ (1 +Rij). (4)
This coupling kernel provides nonlocal positive coupling
between various stocks during the price evolution process.
It is assumed that Cij is close to 2 if two stocks i and j
prohibit quite similar price dynamics. While two stocks
perform anti-correlation behaviors, the coupling is close
to 0. This definition is similar to the one introduced in
[22],which is used as a distance function. However, in this
work, it is reasonable to assume the coupling is positively
related with the correlation. Thus, we can obtain a sym-
metric N ×N coupling matrix C, which presents a topol-
ogy vision of the coupling in the stock price dynamics.
To obtain the coupling dynamics in a real-world stock
market during a sufficient long time period, we use a
database1 consisting of the daily prices of Standard and
Poors 500 stocks (S&P500), a total number of N = 418
stocks with full historical data from 3rd January 2000 to
2nd November 2012 are selected. We use 3230 closures
prices to calculate the daily return of each stock. Since the
correlation between stocks varies in different time scales,
it is natural to consider the time evolution of these re-
spective coupling matrices C(t). We set the time scale as
quarterly financial period, that is ∆window = 62 days.
∆window can be regarded as a time window and by mov-
ing ∆window forward by a setting time step δt = 1 day,
a series of coupling matrix is obtained respectively. Since
we have 3229 returns for each stock, a total amount of
M = 3168 matrices is obtained to study the collective
dynamics of stocks evolving with time.
To make a deep insight of the dynamics of oscillators
induced by the coupling of financial market, we introduce
here the Kuramoto and Battogtokh suggested model [23]
in a discrete form which reads
dθi
dt
= ω −
1
N
N∑
j=1
Cij sin(θi(t)− θj(t) + α), i = 1, . . . , N.
(5)
Here the scalar phase θi represents the state of the ith
oscillator. The coupling strength is given by Cij . Here we
focus on the effect of Cij on the dynamics. For the other
parameter ω, since the stocks are chosen from the same
stock market, we assume the intrinsic natural frequency
ω are identical. In this sense, during our discussion, the
frequency ω plays no role in the dynamics. In fact, if
ω 6= 0, one can transform ω = 0 without loss of generality
by redefining θ = θ + ωt in Eq. 5 without changing the
form of Eq. 5. Throughout this work, we set α = π/2 −
0.10 as a constant, which can be regarded as a measure of
1http://www.optiontradingtips.com
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Fig. 1: (Color online) Top panel (blue): distributions of the
phase profile at snapshots of the stable states. Middle panel
(red): corresponding distributions of the effective angular ve-
locities 〈v〉. Bottom panel (black): corresponding distribution
of the fluctuation of the instantaneous angular velocity of os-
cillators σ. All results are obtained after 104 of iterations to
ensure the system get into a stable state.
asymmetry of the distribution of phase differences between
two stock price time series. We notice that a similar model
is introduced in [24] to study chimera state on complex
networks, where the coupling is topology depended.
We show there exist coherent (synchronized) and in-
coherent (irregular) patterns for oscillator dynamics in
this system. Such coherence-incoherence pattern is ob-
served simultaneously for each individual coupling ma-
trix C. For C in normal period or financial crises, the
coherence-incoherence pattern differs a lot on the size. To
illustrate this, we first give the density distribution of a
snapshot of phases of oscillators after the system has in-
volved into a steady state for two selected coupling matrix
C (see top panel, Fig. 1). We also consider the distribu-
tion of corresponding effective angular velocity of each os-
cillator i, which is defined as 〈vi〉 = limT→∞
1
T
∫ t0+T
t0
θ˙idt.
The distribution of the fluctuation of the instantaneous
angular velocity σi of oscillator i is also considered, where
σ2i = limT→∞
1
T
∫ t0+T
t0
(θ˙i − 〈vi〉)
2dt.
Numerical results are shown in Fig. 1. For the normal
period case, C is generated from the time window starting
from 31st March to 29th June, 2004. While for the finan-
cial crises case, C is from 1st April to 29th June, 2010,
when the EU debt crises happened. In the top panel of
Fig. 1, we show the distributions of instantaneous phases
for both cases. One can find a distinct Dirac Delta distri-
bution for locked oscillators and a Gaussian type distribu-
tion for the drifting ones, which indicates a quite conspicu-
ous coherent and incoherent co-exist pattern. Comparing
Fig. 2: (Color online) Amplitude of the curve of σi, depicted as
a contour plot in the index-time parameter space. Each σi is
calculated by averaging over 1000 data points after the system
is stable. Dark blue colors indicate zero amplitude.
the left graph with right one, we show that in crises case,
the size of coherent group is much larger than the one in
normal case. The Dirac Delta pattern in the distribution
of 〈v〉 presented in Fig. 1 (middle) confirms that the os-
cillators in the coherent group have the same 〈v〉 value,
which is around −1.4 and −1.6 respectively. On the other
hand, the oscillators in the incoherent group perform a
inhomogeneous profile of effective velocities. This is also
evidenced by the peaks of the Dirac Delta distribution lo-
cating at σ = 0 in the distribution of the fluctuations of
〈v〉 (Fig. 1, bottom).
We observe that this coherent-incoherent pattern can
be used to divide the oscillators into two groups. In the
coherent group the oscillators are synchronized while the
incoherent ones are drifting. In order to give a clear vision
of the pattern, we need to rearrange the order of oscilla-
tors. To proceed, we first define the strength of global
coupling for each index i as Si =
∑N
j=1 Cij . This param-
eter indicates how strongly the selected stock i coupled
with others, which can be characterized as the financial
influence of a stock. In this way, we label the oscillator
with the smallest Si with index 1 and ascend oscillators
according to their individual value of Si, which results a
ranking of the previous indices. Since for each C(t) there
is a corresponding ranking of stocks, we obtainM ranking
sequences in total.
We demonstrate that the coherent group is mainly com-
posed of stocks with relatively larger Si values and the
coupling among these stocks can induce a synchroniza-
tion dynamics of oscillators. While the incoherent group
is composed of stocks with comparable smaller correlation
strength and not strong enough to form a coherent collec-
tive behavior. The size of the coherent stock group fluc-
tuates in this long time economic cycle. To identify the
size of coherent stock group and also the corresponding
stock indices in each time window efficiently, we consider
the fluctuation of σi for each oscillator. For oscillators in
the coherent group, the corresponding σ ≈ 0. Using this
p-3
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criteria, by setting a very small constant ǫ≪ 1, index i is
supposed to be in the coherent group once σi < ǫ. Fig. 2
shows the results for the distribution of σ in M = 3167
time windows. For each time window, the sequence of σi
is pre-reordered by the individual global coupling strength
Si. As anticipated, we observe that the border between co-
herent and incoherent could be clearly identified by mon-
itoring σi in each ∆window.
Using our criterion for the identification of coherent in-
dexes group, we propose an algorithm to systematically
calculate the indices set Co(t) of coherent stock groups
in M numbers of time windows. For each Co(t), t =
1, . . . ,M , we start by checking from the index i which
corresponds to the largest Si, that is, from left to right
in the x-axis of Fig. 2. For each time window index t,
for the reordered index sequence according to Si, while
σi < ǫ, i is put into Co(t). This checking procedure is ter-
minated by the first j encountered where σj ≥ ǫ. In this
procedure, the incoherent indexes set In(t) is obtained si-
multaneously. Actually, the power of the set Co(t) is just
the size of coherent group.
In Fig. 3, we visualize the time evolution of the coherent
group size in a long time economic cycle. It is interesting
to find that there exist several peaks for specific time pe-
riods. The first peak, from the left, locates at the period
from March to July, 2000, corresponds to the financial cri-
sis when dotcom bubble burst in the US. The other three
high peaks on the right side correspond to the global fi-
nancial crisis start in 2008, the EU Debt Crisis occurred
in April 2010 and the US debt ceiling between May and
August 2011, respectively. It is shown that during these
financial crisis, much more oscillators tend to behave a co-
herent motion. However, for some unpredictable unusual
periods for example, the 9/11 Attacks period, the size of
the coherent group shrinks a lot. This pattern indicates
that stock prices fails to react simultaneously for sudden
index i
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Fig. 4: (Color online) Profile of the characteristic function
χ(i, t) for all indexes varies with time t. Black colors indicate
0 while white colors indicate 1.
artificial attacks and evolve in a much more independent
way. We also point out that the coherence shrinks a lot as
the subprime mortgage crises happened during late 2006
and 2007.
Inner structure detection of stock market by co-
herence dynamics. – As the time window proceeds
forward, the members of the coherent group varies. For
one stock, the state that whether it belongs to the coher-
ent group or not is acting as a stochastic event with time.
Considering the dynamics of a stock get involved in the
coherent group or not during a long time, in Fig. 4, we
visualize the evolution of Co(t) and In(t) by introducing
a characteristic function χ(i, t) = 1 if i ∈ Co(t) or 0 if
i ∈ In(t). For each stock i, χ(i, t) is a time series with
random Boolean values. The alternation of value 1 and 0
in the corresponding series indicates the dynamics of i get
involved into the coherent group and out of it. However,
just from this direct illustration, one can hardly get any
intuitive characteristics and features from the picture of
χ(i, t) shown in Fig. 4.
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Fig. 3: (Color online) The coherent group size varies in a long time economic cycle. The horizontal axis represents the time.
The peaks and valleys correspond to several significant economic events during the period.
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Fig. 5: (Color online) Distribution ofNT (i). The value ofNT (i)
ranges from 0 to 500. Three regions are mark with blue, green
and red colors to identify the low, middle and high coherent
respectively.
In order to analyzed the essential collective pattern em-
bedded in the χ(i, t) dynamics, we first consider the dis-
tribution of the total numbers NT (i) for i get involved in
the coherent group during the entire time period T , where
NT (i) =
∑T
t=1 χ(i, t). For the entire period, we calculate
NT (i) for all the 418 stocks. It is shown that the distribu-
tion of NT (i) has two crests and one trough which roughly
divide the index set into three region: the LOW involved
region, the MIDDLE involved one and the HIGH involved
one (see Fig. 5). Based on this observation, we decided for
the purpose of clustering the stock indexes by the k-means
clustering method.
Notice here the matrix χ denotes a M × N Boolean
value matrix, in which columns correspond to N stock in-
dexes and rows corresponds toM dimensions. Each χ(i, t)
is a high dimensional vector of dimension M . Clustering
these high dimensional vectors directly is shown to be a
quite difficult project which is also encountered when bi-
ologists trying to cluster gene sequences, since the opera-
tions on high dimensional vector is of high computational
complexity. Besides, the visualization of them is also not
easy. However, as the k-means method is essentially de-
signed based on analyzing the distance between vectors,
we can simplify this problem by using the Laplacian Eigen-
x coodinates
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Fig. 6: (Color online) A 2-dimension plot of i clustering. Each
i is assigned with a pair of x-coordinate and y-coordinate cal-
culated by the t-SNE method [25]. The low coherent group is
colored by blue dots, the middle coherent group is colored by
green dots and the high coherent one is colored by red.
maps (LE) dimensionality reduction technique which is in-
troduced in [26] to project χ(i, t) into the two-dimension
plane while preserving the distance between the original
vectors. In this sense, the visualization also becomes easy.
Actually we use the LE dimensionality reduction
method to mapping the matrix χ in Fig. 4 into 2D co-
ordinates. Further, we execute the well-known k-means
clustering method [25] on this distance matrix. By setting
k = 3, one can determine three distinct clusters of the
indexes. Fig. 6 shows during the time period [1, 500], the
418 stocks are divided into three groups identified by dif-
ferent colors. This result indicates that, for the entire time
period in average, the stocks naturally can be divided into
three groups: the low coherent, middle coherent and high
coherent groups. Hence, for given time periods, we char-
acterize each stock with the characteristic function χ(i, t)
and determine which group it belongs to by a simple 3-
means clustering procedure.
Table 1: Classification of grouped stocks in GICS sectors. For each GICS sector (row), the percentages of stocks belong to high,
middle and low coherent groups are given in column 2 to 4 respectively. In the last column, we identify whether the sector is
cyclical or defensive.
GICS sector High coherent Middle coherent Low coherent Cyclical or Defensive
Materials 68.97% 13.79% 17.24% Cyclical
Industrials 60.00% 23.64% 16.36% Cyclical
Consumer Discretionary 49.25% 25.37% 25.37% Cyclical
Financial 55.88% 17.65% 26.47% Cyclical
Information Technology 3.51% 82.46% 14.04% Cyclical
Telecommunications Services 0.00% 66.67% 33.33% Defensive
Energy 0.00% 2.78% 97.22% Defensive
Utilities 0.00% 3.45% 96.55% Defensive
Consumer Staples 7.14% 0.00% 92.86% Defensive
Health Care 2.38% 26.19% 71.43% Defensive
p-5
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To demonstrate that the inner structure of the stock
market by our method has some economical meanings, we
study the classification of the groups of stocks from a tra-
ditional economic point of view. By inspecting the Global
Industry Classification Standard (GICS) sector for each
stock, we find the observed grouping of high, middle and
low coherent has a quite direct economic explanation. In
Tab. 1, we list the percentages of stocks belong to these
3 groups within each industry sector given by GICS. The
majority of stocks from sectors of materials, industrials,
consumer discretionary and financial are in the high coher-
ent group. These business sectors are identified as cyclical
by GICS. That is, they are quite sensitive to the business
cycle, such that revenues of these industries are generally
higher in periods of economic prosperity and expansion,
and lower in periods of economic downturn and contrac-
tion. This may explain why these stocks evolve coherently
during the business cycle. In contrast, stocks from energy,
utilities, consumer staples and health care sectors fall into
the low coherent group for they are identified as defen-
sive. Sales and earnings of these defensive companies re-
main relatively stable during both economic upturns and
downturns. Since they do not show much sensitivity to
the business cycle, most of them evolve independently, or
low coherently. For companies belonging to telecommu-
nications services and information technology (IT), they
mainly compose the middle coherent group, which indi-
cates that corporations of IT type may still be a rapid
developing economic components in the market. In fact,
the industry development trend in this area diverges a lot
during the business cycle.
Conclusions. – In summary, we introduce a dynam-
ical model composed of non-locally coupled phase oscilla-
tors to study the collective dynamics of stock markets. We
demonstrate that there exist coherence and incoherence
coexistence collective behaviors in financial stock market.
The correlations among stocks make the system evolve
into a stable state where the stocks split into two groups:
one is composed of coherent, phase-locked oscillators, the
other is composed of incoherent, drifting ones. We find
that the fluctuations of the size of coherent group reflects
the real-world financial instabilities or shocks quite well.
By checking the time series of each oscillator getting in-
volved in the coherent group during a long period, we show
that the S&P 500 stocks can be well clustered into three
groups: low coherent, middle coherent and high coherent
group. It is demonstrated that the clustering results is
well consistent with the GICS industry sector classifica-
tion explanation. We argue that this method can provide
nontrivial dynamical insights on the inner structure and
evolution of financial markets. Considering nonidentical
natural frequencies in this model will be our future work.
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